INTRODUCTION
A Steiner triple system of order v (briefly STS(v)) is a pair (X, B), where X is a v-element set and B is a collection of 3-subsets of X (triples), such that every pair of X is contained in exactly one triple of B. It is well known that a necessary and sufficient condition for a STS(v) to exist is that v#1 or 3 (mod 6). An r-coloring of a STS(v) is a map , : X Ä [1, ..., r] such that at least two vertices of every triple receive different colors, i.e., such that no triple is monochromatic. Equivalently, an r-coloring is a partition of the vertex set X into r parts, called color classes, none of which contains a triple of B. If a STS can be r-colored but not (r&1)-colored, then the system is r-chromatic. A coloring of a STS is equitable if the cardinalities of the color classes differ by at most one. The notions of r-coloring, chromatic number, and equitability are defined for an arbitrary (finite) hypergraph (X, B) in the same way that they are defined for Steiner triple systems.
If every r-coloring of a triple system is equitable then we say that the system is r-balanced. Note that an r-balanced system is necessarily r-chromatic. If C 1 , C 2 , ..., C r are the color classes of an r-coloring of a STS(v) and |C i | =v i , then by counting the number of blocks that receive exactly two colors we obtain i ( . This inequality and the fact that every STS(v) with v 15 admits an equitable 3-coloring (see [8] ) provides some evidence for the conjecture that every 3-chromatic STS(v) admits an equitable 3-coloring (see [5] ). By contrast for each r 6 and =>0 there exists a STS(v) such that in any r-coloring the three largest color classes contain at least (1&=) v points [6] .
Three examples of 3-balanced STS(v) have been observed in the literature. They are the projective triple system of order 15 [9] , the affine triple system of order 27 (see [7, 5] ) and a uniquely colorable cyclic triple system of order 33 [2] .
In this paper we determine the spectrum of 3-balanced triple systems with eight possible exceptions. In the sequel we shall use the notation STS(v)* for a 3-balanced STS(v).
We require other designs for the constructions we shall employ. A pairwise-balanced design of order v and block sizes K (a PBD(v, K)) is a pair (V, B). V is a set of v elements, and B is a set of subsets (blocks) of V with the properties that B # B implies |B| # K, and that every unordered pair of elements from V occurs as a subset of exactly one block B # B.
A group divisible design of order v, block sizes K, and group-type ( g 1 , g 2 , ..., g s ) (a K&GDD of type ( g 1 , g 2 , ..., g s )) is a triple (V, G, B). V is a set of v= s j=1 g j elements, and G is a partition of V into s classes G 1 , G 2 , ..., G s called groups with |G j | =g j for each j. The set B consists of subsets (blocks) of V, each having size from K, with the property that every unordered pair of elements from V is either contained in exactly one group or in exactly one block, but not both. It is customary to write g= ( g 1 , g 2 , ..., g s ) using exponential notation, so (2, 2, 2, 3, 3, 7) is written 2 3 3 2 7 1 , for example. For details regarding block designs, we refer the reader to [1] .
PRELIMINARIES
Let (V, G, B) be a [3] &GDD of type g and let e 2 (x 1 , x 2 , ..., x n )= x 1 x 2 + } } } +x n&1 x n = i<j x i x j be the second elementary symmetric polynomial. If (V, B) is r-colored with color classes C 1 , C 2 , ..., C r consider the r_s matrix, N=(n ij ), where n ij = |C i & G j |. As the expression i e 2 (n i1 , n i2 , ..., n is ) counts the number of blocks of B that receive exactly two colors and |B| = 
By summing the columns of the matrix (n ij ) we recover the group sizes of the [3] &GDD. We shall call a matrix with nonnegative integer entries admissible if the column sums satisfy the known necessary conditions for the group sizes of a [3] &GDD (see [3] ) and if the matrix satisfies the inequality of Lemma 2.1. A matrix (n ij ) of nonnegative integers is realizable if n ij = |C i & G j |, where the C i are color classes of an r-coloring of some [3] &GDD with groups G j . We call the matrix of subsets (C i & G j ) the realizing matrix.
The main tool that we use to demonstrate the realizability of certain matrices is Wilson's fundamental construction:
.., g s ) then the matrix 
Groups:
, where x+y&z#0 (mod 3g+2).
Realizing matrix:
A hill-climbing algorithm was employed for the construction of the following design; we need it to construct a STS(61)*. Proof. The blocks of such a system are constructed by a hill climbing algorithm similar to the one used in [3] . The basic algorithm is modified slightly by appropriately coloring the groups at the start; the algorithm then accepts only properly colored blocks that are colored with two colors, as equality holds in Lemma 2.1 for this particular matrix. K
CONSTRUCTIONS OF 3-BALANCED STS
In this section we shall present some recursive constructions for balanced STS from smaller balanced STS. In the lemma that follows we adapt the singular direct product. 1 , g 2 , . .., g s ) and for each j there exists a STS(3g j +3u+=)* with a sub-STS(3u+=) and a 3-coloring that is balanced on the subsystem, then there exists a STS(v)* with v=3u+=+ s j=1 3g j .
Proof. By Lemma 2.3 there exists a 3-colored [3] &GDD (V, G, B) of type 3g such that the jth group, G j , is equitably colored. Let U be a set of size 3u+= disjoint from the set V and extend the coloring of the [3] &GDD to U in such a way that U is equitably colored. For each group G j of size 3g j we construct on G j _ U a copy of the postulated STS(3g j +3u+=)* in such a way that no block is monochromatic and so that the subsystem of order 3u+= is aligned on U. This produces a 3-chromatic STS(v) that admits an equitable 3-coloring. We now show that any other 3-coloring of this system must also be equitable.
To this end let (C 1 , C 2 , C 3 ) be a 3-coloring of the singular direct product we have constructed, and for each i and j let u i = |U & C i | and n ij = |C i & G j |. For fixed j the numbers n ij +u i , i=1, 2, 3, are the sizes of the color classes in the STS(3g j +3u+=)* constructed on G j _ U. Thus the only possibilities for n ij +u i are g j +u and g j +u+1 (the latter is possible only when ==1), so let us write n ij +u i =g j +u+= ij , where = ij # [0, 1] and 
If ==0 then S i =0 for each i, so we have ( 1, which has the three solutions (S 1 , S 2 , S 3 )=(s, 0, 0), (s&1, 1, 0), and (s&1, 0, 1). For each of these solutions the multiset [(1&s) u i +S i ] is [(1&s) u+1, (1&s) u, (1&s) u], so the |C i | are as nearly equal as possible. This shows that all 3-colorings of the constructed system are equitable, and the proof is complete. K For our next lemma we need systems that are not quite balanced. Call a 3-chromatic STS(6k+3) almost balanced if each 3-coloring that it admits is either equitable or has as its set of color class sizes 2k+2, 2k+1, 2k ; and there is at least one 3-coloring of the latter type.
Lemma 3.2. Suppose (i) that there exists a STS(3g+3u+3)* with a sub-STS(3u+1) and a 3-coloring of this system that is equitable on the sub-STS(3u+1), and (ii) that there exists an almost 3-balanced STS(3g+3u+3) with a sub-STS(3u+1) and an almost equitable 3-coloring that is equitable on the sub-STS(3u+1). Then there exists a STS(9g+3u+7)*.
Proof. Let (V, G, B) be a 3-colored [3] &GDD of type (3g+2) 3 with color classes C i and groups G j , i, j=1, 2, 3, such that (|C i & G j | ) is the matrix given in Lemma 2.4. Let U be a set of size 3u+1 disjoint from the set V and extend the coloring of the [3] &GDD to U so that |C 1 & U | = |C 2 & U | =u and |C 3 & U | =u+1. For j=1, 2 construct on G j _ U a copy of the STS(3g+3u+1)* of (i) in such a way that no block is monochromatic and so that the subsystem of order 3u+1 is aligned on U. Finally, on G 3 _ U construct a copy of the almost balanced STS(3g+3u+1) of (ii) so that no block is monochromatic and so that the sub-STS(3u+1) is aligned on U. This produces a 3-chromatic STS(v) that admits an equitable 3-coloring. We now show that any other 3-coloring of this system must also be equitable.
Let (C 1 , C 2 , C 3 ) be a 3-coloring of the constructed STS(9g+3u+7) and let u i = |U & C i |, n ij = |C i & G j | for i, j=1, 2, 3. Write n ij +u i =g+u+= ij for each i and j. Then = ij =1 for i=1, 2, 3 and j=1, 2, since for these j a STS(3g+3u+3)* was placed on G j _ U and since an almost balanced STS(3g+3u+3) was placed on G 3 _ U, we can say that = i3 # [0, 1, 2] for each i with 3 i=1 = i3 =3. As in Lemma 3.1 write S i = 3 j=1 = ij , so that S i = 2+= i3 and 3 i=1 S i =9. By Lemma 2.1 we have
If = i3 =1 for each i then the inequality reduces to 0 2+3 i (u&u i +1) 2 , a contradiction. We therefore suppose, without loss of generality, that (= 13 , = 23 , = 33 )=(2, 1, 0). Then (S 1 , S 2 , S 3 )=(4, 3, 2) and 0 5+ : (i) if g>0, then t 3, or t=2 and u=g, or t=1 and u=0, or t=0;
(ii) u g(t&1) or gt=0;
We proceed to the main theorem. Proof. First we consider the case v#3 (mod 6). No STS(v)* exists for v=3, 9, so we consider v 15. We have examples of STS(v)* for v=15, 27; these are furnished by PG(3, 2) and AG (3, 3) . The value v=33 comes from the uniquely 3-colorable STS(33), whose starter blocks are listed in Appendix A1, APPENDIX: SOME BALANCED AND ALMOST-BALANCED STS Table III contains the blocks of STS(15), No. 7 of [8] . This system admits 3132 colorings of type (4, 5, 6) and 1824 colorings of type (5, 5, 5) . Table IV contains the blocks of some balanced and almost-balanced cyclic triple systems and the number of colorings each one admits. 
